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Effect of 1/f noise on the dissipative dynamics of an LC-shunted qubit
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We consider dissipative dynamics of a flux qubit caused by 1/f noises, which act both on the
shunting LC-contour and on the SQUID loop. These classical Gaussian noises modulate of the level
splitting and of the tunnel coupling, respectively, and they are partially correlated. The transient
evolution of qubit has been studied for the regimes: (a) the interwell incoherent tunneling, (b) the
relaxation of interlevel population, and (c) the decoherence of the off-diagonal part of a density
matrix. For all regimes, the relaxation rates and the frequency renormalization [for the case (c)]
are analyzed versus the parameters of qubit and couplings to the noises applied. The fluctuation
effects give a dominant contribution at tails of relaxation, so that the averaged dissipative dynamics
is not valid there. The results obtained open a way for verification of the parameters of qubit-noise
interaction and for minimization of coupling between qubit and environment. Under typical level
of noises, the results are comparable to the recent experimental data on the population relaxation
and on the incoherent interwell tunneling.
I. INTRODUCTION
During last decade, an essential progress was made to-
wards the implementation of the quantum information
protocols, see [1–5] and references therein. An essential
part of these results are based on different types of the
superconducting flux qubits. Whereas the dynamic prop-
erties of the noiseless qubits are effectively analyzed with
the use of the lumped-element approach, [6–8] both the
mechanisms of the qubit-environment interaction and the
dissipative dynamics of qubits are not investigated com-
pletely. Heretofore, a partial characterization of qubits
is performed with the use of the spectroscopy in GHz re-
gion, for different regimes of the high frequency response
and of the readout [9–12]. Beside of this, the incoherent
resonant tunneling, both between the anticrossing lev-
els (the Landau-Zener transitions [13]) and between the
steady-state levels [14], or the low-frequency (sub-kHz)
measurements [15] are employed for the study. The ex-
perimental data suggest that the qubit-environment in-
teraction is caused by the low frequency classical noise
(described by the 1/f spectral function) and the high-
frequency bosons (described by the quasi-ohmic spectral
function), see analysis in [10, 16]. Recent studies of these
processes were directed on an improvement of the fidelity
of the quantum hardware. But any consideration based
on a simplified model of the spin-noise interaction (e.g.,
see [17, 18] and references therein) is not enough for ap-
plications to multi-qubit hardware because such results
cannot be associated to a set of parameters describing a
real device.
Thus, it is timely to study quantum hardware based on
the lumped element approach involving an effective cir-
cuit with a detailed description of the qubit-environment
interaction. Under such a consideration, the twofold aim
should be achieved: (i) to introduce and to justify a real-
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FIG. 1: (a) Sketch of qubit formed by the Josephson junc-
tion loop shunted by the transmission line. Tilt and control
fluxes, ϕ and ψ, with random contributions, ∆ϕt and ∆ψt, are
shown by the blue and red arrows, respectively. Regimes of
relaxation are different for parallel or anti-parallel directions
of fluxes ϕ and ψ. (b) Model circuit involving the effective
Josephson junction shunted by the effective LC-contour un-
der external fluxes ϕ+∆ϕt and ψ +∆ψt (blue and red). (c)
Modulation of the symmetric potential energy (thick curve)
via tilt (tl-) and control (j-) channels (red and green, respec-
tively) resulting in variations of level splitting and barrier
height, respectively. (d) The same as in panel (c) for the
tilted potential, ϕ 6= 0.
istic model of the qubit-noise interaction, which is beyond
of the simplified models, and (ii) to examine the dissipa-
tive dynamics of qubit in order to perform a complete
characterization of this interaction through the analysis
of transient processes. Such an analysis opens a way to
optimize relaxation parameters and to enhance a fidelity
of the quantum hardware.
In this paper, we perform a complete analysis of the
dissipative dynamics for the qubit formed by the SQUID
loop shunted by the transmission line (so called fluxmon
[16]), see sketch in Fig. 1(a). Characteristics of such
a qubit are governed by the tilt and control fluxes, ϕ
and ψ, applied through the transmission line and the
SQUID loop, respectively. We restrict ourselves by the
low-frequency region when interactions with 1/f noises
are described by the classical random fluxes, ∆ϕt and
2∆ψt, which are added to the tilt and control fluxes. The
calculations of transient evolution are performed for the
model of the qubit used the effective Josephson junc-
tion shunted by the effective LC-oscillator, see circuit in
Fig. 1(b). We employ the two-level approach taking
into account a softness of the double-well potential, in
contrast to the solid-state models [19] based on a fixed
tunnel-coupling (due to the rigid barrier), and a vari-
able level-splitting. The shape of potential is controlled
by an interplay of the inductive and Josephson energies
as it is shown in Figs. 1(c) and 1(d) for the symmetric
(ϕ = 0) and tilt (ϕ 6= 0) cases; the thin color curves
draw a noise-induced modulation of potential via a shift
of minima and a modulation of barrier height. Averaged
dynamics of the qubit is determined by the correlation
functions 〈∆ϕt∆ϕt〉, 〈∆ψt∆ψt〉, and 〈∆ϕt∆ψt〉, which
describe noises excited in the transmission line and in the
SQUID loop (tl- and j-channels) as well as correlations
between these noises (c-channel) [20]. These correlations
may caused by a common external sources or an induc-
tive coupling between tl- and j-channels. We use the 1/f
spectral functions αk/ω with k = (tl, j, c), so that the
dissipative dynamics is determined by the parameters of
qubit, the dimensionless noise strengths αk, and the con-
trol fluxes, ϕ and ψ.
The two lowest electromagnetic modes of the flux qubit
are described by the isospin variable and the exact dy-
namics of qubit is governed by the Bloch equations with
a time-dependent rotation frequency. We analyze the
transient evolution of the density matrix at t > 0 for
the regimes: (a) resonant tunneling between the left and
right wells, when the noise-induced broadening exceeds
the interlevel energy, (b) relaxation of the interlevel pop-
ulation, and (c) decoherence of the off-diagonal part of
a density matrix. The cases (b) and (c) correspond to
the weakly-coupled levels, when the gap frequency ex-
ceeds the noise-induced broadening of levels [21]. The
Bloch equations for the case (a) is solved with the use
of the symmetric qubit frame when the eigenstate prob-
lem is solved numerically at ϕ = 0. For the cases (b)
and (c) we use the tilt (ϕ-dependent) frame, when the
basis functions correspond the lower and upper levels.
For all cases, it is convenient to transform the Bloch sys-
tem into the single integro-differential equations with the
different kernels. Within the weak-fluctuation approach,
the averaged responses are written through the Laplace
transforms of the averaged kernels and the parameters of
relaxation are obtained in the explicit forms. Straight-
forward calculations of the fluctuating corrections for the
cases (a)-(c) give the limitations at tails of relaxation for
the averaged approach outlined above.
Based on this model, we have performed a complete
analysis of the incoherent tunneling rate, the population
relaxation rate, and the decoherence rate, νT , ν1, and
ν2 (i.e. of the inverse times of the different relaxation
processes), as well as the noise-induced renormalization
of the gap frequency. The main new results are summa-
rized as follows:
(1) The averaged dissipative dynamics is governed by
the non-local in time equations [Eqs. (11), (21),
and (27) below] during the initial stage of relax-
ation νT,1,2t ≤ 1, while the exponential decay takes
place if νT,1,2t ≥ 1. Peaks of the relaxation rates
between wells or between levels, νT or ν1 versus tilt
ϕ, are due to the noise in tl-channel while the dip of
decoherence rate ν2 near ϕ = 0 is determined by an
interplay of the noises in tl- and j-channels. Weak
asymmetry of νT,1,2 around ϕ = 0 is determined by
the c-channel, i.e. by correlations between the tl-
and j-noises.
(2) The half-width of the Gaussian peak of incoher-
ent tunneling is ∝ √αtl while the amplitude is ∝
1/
√
αtl. Weak asymmetry of this peak is ∝ αc/αtl
and the direction of shift (along ϕ > 0 or < 0) is
determined by the orientation of fluxes ϕ and ψ
[parallel or anti-parallel, see Fig. 1(a)]. In addi-
tion to the mechanism considered in Refs. 14 and
22, the classical 1/f noise considered here provides
an essential contribution to the experimental data
reported in Ref. 16.
(3) The population relaxation rate is ∝ αtl with tails
of peak suppressed as ϕ3 and the parameters of
peak are comparable to the recent experimental
data [16]. Due to softness of the barrier, there is no
the dependency ν1 ∝ ω−110 for the 1/f noise under
consideration. This disagreement with [16] may be
compensated by the frequency dispersion of noise
caused by the size effect in transmission line [23].
(4) There is a dip of decoherence : the rate ν2 and the
renormalization of the gap frequency are increased
sharply around ϕ = 0 and are saturated with in-
creasing of ϕ. There is the two-mode oscillating
decoherence regime where the depth and asymme-
try of the dip are determined by the ratios αj/αtl
and αc/αtl, respectively.
(5) The averaged descriptions fail at tails of transient
relaxation because of the rare fluctuations effect.
The mean-square-fluctuation of the interwell tun-
neling increases ∝ t2 and, for typical parameters,
the average description of incoherent tunneling is
valid at νT t < 3. There are time-independent lev-
els of fluctuations for the interlevel population and
the decoherence [cases (b) and (c)] with the loga-
rithmically enhanced contribution of rare fluctua-
tions. Under tilt, ϕ 6= 0, the fluctuation effects are
suppressed for all regimes.
The paper is organized as follows. The model of the
LC-shunted qubit, which interacts with partially corre-
lated noises in the tilt and control channels, is presented
in Sec. II. The resonant incoherent tunneling between
wells is considered in Sect. III. The population relax-
ation rate and the decoherence process are analyzed in
Sect. IV for the weak-coupling regime. For all cases,
the levels of fluctuations are considered in Sect. V. The
concluding remarks, the list of assumptions, and the dis-
cussion of current experimental context are given in the
3last section. The averaged kernels are calculated in Ap-
pendix taking into account tl-, j-, and c-channels.
II. QUBIT-NOISE INTERACTION
We start with the description of the flux qubit, formed
by SQUID shunted by LC-contour which are interacted
with 1/f noises. Quantum mechanics of such a qubit in
the φ-representation is described by the Hamiltonian:
Hˆ = 4EC qˆ
2 + EL(φ− ϕ)2/2 + EJ cos(ψ/2) cosφ . (1)
Here φ and qˆ = −id/dφ are the dimensionless flux and the
charge operator, while ϕ and ψ are the external tilt and
control fluxes penetrated through the LC-contour and the
SQUID loop, respectively. We use the dimensionless vari-
able φ as well as the control fluxes ϕ and ψ in units Φ0/2pi
where Φ0 = pih¯/|e| is the flux quantum. Eq. (1) involves
the capacitance energy ∝ EC = e2/2C, the inductive
energy ∝ EL = (Φ0/2pi)2/L, and the effective Joseph-
son energy ∝ EJ = IcΦ0/2pi which describes the SQUID
loop with the critical current Ic and can be varied via the
factor cos(ψ/2). [24] If energy scale is fixed in units EL,
the Hamiltonian (1) is dependent on the external fluxes
ϕ and ψ, as well as on the parameters 4EC/EL ≪ 1,
and βψ = EJ cos(ψ/2)/EL ∼ 1. Noise contributions are
introduced under the replacements of external factors in
Eq. (1) by ϕ→ ϕ+∆ϕt and ψ → ψ+∆ψt. The Hamil-
tonian of qubit-noise interaction,
Hˆint = −∆ϕtEL(φ−ϕ)−∆ψtEJ sin(ψ/2)(cosφ)/2 , (2)
is written within the linear approach with respect to di-
mensionless random contributions, ∆ϕt and ∆ψt. No-
tice, that energy spectrum determined by the noiseless
Hamiltonian (1) is not changed under the separate re-
placements ϕ→ −ϕ (with φ→ −φ) or ψ → −ψ. In con-
trast, Hˆint is is not changed if only ϕ→ −ϕ and ψ → −ψ,
i.e. the relaxation processes are different for the parallel
or antiparallel directions of the external fluxes.
Under averaging over random contributions ∆ϕt and
∆ψt, we consider the Gaussian random processes taking
into account a partial correlation between noises in the
tl- and j-channels. Introducing the 1/f spectral function
of the kth channel as αk/ω, one obtains∣∣∣∣∣∣
〈∆ϕt∆ϕt′〉
〈∆ψt∆ψt′〉
〈∆ψt∆ϕt′〉
∣∣∣∣∣∣ =
∣∣∣∣∣∣
αtl
αj
αc
∣∣∣∣∣∣
ωM∫
ωm
dω
piω
cosω∆t≡αkwωm∆t
≈ αk
pi
{
ln
1
ωm∆t
− γ + o [(ωm∆t)2]} , (3)
where αk determines a coupling strength in kth channel
(k = tl, j, c), ∆t = t − t′, and we use the cut-off fre-
quencies ωM,m which are supposed to be the same in all
channels if ω−1M ≪ ∆t≪ ω−1m . The explicit expression of
the correlator wωm|∆t| is approximately written through
the integral cosine which has the logarithmic asymptotic
at ωm∆t ≪ 1 with the Euler’s constant, γ ≈ 0.577 [25].
Thus, qubit-environment interaction is characterized by
three constants, αk, and the lower cut-off frequency ωm.
Below we use the basis determined by the symmetric
(ϕ = 0) eigenstate problem Hˆϕ=0,β |n〉 = εn |n〉, where
Hˆϕ,β = Hˆ−Hˆint. In the symmetric qubit frame, the solu-
tions |n〉 and εn are parametrically dependent on the con-
trol flux through βψ and ϕ = 0. The density matrix takes
form ρˆt =
∑
n1n2
ρn1n2 |n1〉 〈n2|, where ρn1n2 is governed
by the standard equation ih¯∂ρn1n2/∂t = [Hˆt, ρˆt]n1n2 with
the effective Hamiltonian,
Hnn′ = εnδnn′ − ELϕ(φ)nn′ +
(
Hˆint
)
nn′
, (4)
which is written through matrix elements (· · · )nn′ ≡
〈n| · · · |n′〉. Note, that εn is determined for the symmet-
ric barrier, while the tilt effect is described here by the
off-diagonal matrix element ∝ (φ)nn′ . We employ below
the two-level approach and consider only the states |0〉
and |1〉. Introducing the time-independent gap frequency
ω10 = (ε1 − ε0)/h¯ and the Pauli matrices σˆ, which are
written here with respect to the basis formed by the |0〉
and |1〉 states, we arrive to the 2× 2 matrix Hamiltonian
Hˆt
h¯
=
(ωt · σˆ)
2
, ωt=[−2ω˜(ϕ+∆ϕt), 0, ω10 − ωj∆ψt] ,
ω˜=
EL(φ)10
h¯
, ωj=
EJ
2h¯
(cosφ)11,00 sin
ψ
2
. (5)
Here the frequencies ω˜ and ωj determine the additional
tunneling mixing of the |0〉 and |1〉 states due to the total
tilt flux, ϕ + ∆ϕt, and modulation of ω10 by the noise
due to barrier fluctuations, respectively. We also omit
the contributions ∝ const and take into account that the
wave functions 〈φ|0〉 and 〈φ|1〉 are symmetric and anti-
symmetric with respect to φ↔ −φ. The matrix elements
(φ)10 and (cosφ)11,00 ≡ (cosφ)11 − (cosφ)00 are depen-
dent on βψ and ωj is written through sin(ψ/2).
The projection operators on the left/right (l/r) wells
in φ-representation with the Hamiltonian (1) are Pˆl/r =
θ(−/+ φ), so that Pˆl + Pˆr = 1 and Pˆl · Pˆr = 0. Within
the two-level approach describing by the Hamiltonian (5),
these operators are given by
Pˆl/r =
∣∣∣∣ 〈1|1〉 〈1|0〉〈0|1〉 〈0|0〉
∣∣∣∣
φ<0/φ>0
≈ 1−/+ σˆx
2
, (6)
where 〈1|1〉φ<0/φ>0 = 〈0|0〉φ<0/φ>0 = 1/2 due to
the symmetry reason. Numerical estimates of the off-
diagonal matrix elements with the eigenstates calculated
below (see Fig. 2 below) give 0.45 < | 〈1|0〉φ<0/φ>0 | <
0.5 if β > 1.1 and |Pˆl · Pˆr| < 0.05 instead of the ex-
act zero. This inconsistency is due to we drop the up-
per states, n > 1, and below in Sect. III we use the
right-hand expression of Eq. (6) which corresponds the
weak-tunnel-coupling case.
If tunneling mixing increases, it is convenient to use
the tilt qubit frame. After rotation of Hˆt around 0Y-axis
4FIG. 2: Parameters of Hamiltonians (5) and (7) versus con-
trol flux ψ. (a) Level splitting frequencies ω10 and ω21 in
units EL/h¯ versus ratio βψ = EJ cos(ψ/2)/EL. Insets show
wave functions 〈φ|n〉 for n =0 (black), 1 (red), and 2 (green)
at 4EC/EL = 0.05. (b) Matrix element (φ)10 versus βψ. (c)
Matrix element (cosφ)11,00 versus βψ. Red dashed lines in
panels (a) and (c) show exponential asymptotics for the weak
coupling regime. In all panels, the dotted, solid, and dashed
curves correspond to 4EC/EL = 0.01, 0.005, and 0.0025, re-
spectively.
Eqs. (5) are transformed into
Hˆt
h¯
=
(Ωt · σˆ)
2
, Ωt =
[
−∆ϕt2ω˜ω10 +∆ψtωjω˜ϕ
Ωϕ
,
0, Ωϕ +
∆ϕt2ω˜
2ϕ−∆ψtωjω10
Ωϕ
]
, (7)
where Ωϕ =
√
ω210 + (2ω˜ϕ)
2 is the level-splitting fre-
quency and random contributions of Ωt give rise to the
noise-induced inter-level transitions and the renormal-
ization of frequency Ωϕ. The projection operators on
the upper (+) and lower (−) levels are determined as
Pˆ± = (1 ± σˆz)/2 which is similar to Eq. (6) but Pˆ± is
written in the basis formed by the eigenstates determined
by the Hamiltonian (7).
Numerical solutions of the symmetric eigenstate prob-
lem Hˆϕ=0,β |n〉 = εn |n〉 are obtained after discretization
of the Hamiltonian (1) using N ∼ 103 points along φ
axis and diagonalization of N × N matrix. In Fig. 2(a)
we plot the dimensionless splitting frequencies ω10 and
ω21 as well as the wave functions for n = 0, 1, and 2
versus the ratio βψ determined by the control flux. For
the weak-tunneling regime, if βψ > 1.2 ÷ 1.3 depend-
ing on 4EC/EL, the frequency ω10 is suppressed expo-
nentially. The dimensionless matrix elements (φ)10 and
(cosφ)11,00, which determine the characteristic frequen-
cies ω˜ and ωj , are plotted in Figs. 2(b) and 2(c), respec-
tively. Dependency of (φ)10 on 4EC/EL is negligible, see
Fig. 2(b), and the matrix element (cosφ)11,00 is expo-
nentially suppressed at βψ > 1.2÷ 1.3, see asymptotes in
Figs. 2(a) and 2(c). Further we analyze relaxation rates
versus ω10 and frequencies in Eq. (5). Under mapping
between ωj- and ψ-variables the non-monotonic depen-
dence of ωj = sign(ψ)(EJ/2h¯)(cosφ)11,00
√
1− (βψ/β0)2
on ψ may be noticeable; below we use ψ > 0 so that
ωj > 0.
III. INCOHERENT RESONANT TUNNELING
We evaluate here the rate of the incoherent reso-
nant tunneling between l- and r-wells based on the
Bloch equation with the random frequency ωt given by
Eq. (5). This system is transformed into the integro-
differential equation for the redistribution of population
between wells. The 2 × 2 density matrix takes form
ρˆt = (1 + St · σˆ)/2 with k = l, r and the population
in kth well nk = trPˆkρˆt is determined through the pro-
jection operators, Pˆk, given by Eq. (6). At t > 0 the
Bloch vector St is governed by the standard equation
dSt
dt
= [ωt × St] , St=0 = (∓1, 0, 0) (8)
with the normalization condition |St| = 1 and the initial
vector St=0, where St=0x ≡ S0 = −1 or +1 corresponds
to the state localized in the l- or r-wells, respectively. In
order to reduce the system (8) into equation for Stx we
write Sty,z through the integrals
∫ t
0 dt
′ · · ·St′x as∣∣∣∣ StyStz
∣∣∣∣ =
t∫
0
dt′
∣∣∣∣ cos θtt′sin θtt′
∣∣∣∣Ωt′zSt′x . (9)
After substitution of Sty,z into the X-component of Eq.
(8) one obtains the exact integro-differential equation
dStx
dt
+ ωtz
t∫
0
dt′ωt′z cos θtt′St′x = 0 (10)
with the phase factor θtt′ =
∫ t
t′ dτωτ,x.
Below we separate the averaged part of the Bloch vec-
tor, 〈Stx〉, in Eq. (10) and consider equation
d 〈Stx〉
dt
+
t∫
0
dt′Ktt′ 〈St′x〉= 0, Ktt′= 〈ωtzωt′z cos θtt′〉 , (11)
where the averaged kernelKtt′ should be written through
the correlators (3). We restrict ourselves by the weak-
fluctuation approximation when δSt = Stx − 〈Stx〉 can
5be omitted, see Sect. V A. Straightforward averaging of
the kernel 〈Ktt′〉 ≡ K∆t gives
K∆t =e
−Γ∆t(cos θ∆tA∆t − sin θ∆tB∆t) , (12)
A∆t=ω210+ω2j
(
αtlwωm∆t−W 2∆t
)
, B∆t=2ωjω10W∆t
with the noiseless phase θ∆t = 2ϕω˜∆t caused by tilt flux,
see Appendix for details. This kernel is dependent on
the energies EL,C,J through the frequencies introduced
by Eq. (5), on the noise strengths αtl,j,c and on ωm from
Eq. (3), as well as on the external fluxes, ϕ and ψ. The
decrement of exponential damping, Γ∆t, and the factor
W∆t in A∆t and B∆t of Eq. (12) are determined by the
integrals
Γ∆t
2αtl
=ω˜2
∆t∫
0
dτ
∆t∫
0
dτ ′w|ωm∆τ |=(ω˜∆t)
2
(
w|ωm∆t|+
3
2pi
)
, (13a)
W∆t
2αc
= ω˜
∫ ∆t
0
dτw|ωmτ |= ω˜∆t
(
w|ωm∆t|+
1
pi
)
. (13b)
In order to write the explicit expressions here, we used
the definition of w|ωm∆τ | given by Eq. (3) and performed
the integrations by parts over τ and τ ′. Under these
integrations we replaced the upper limit ωM∆t by ∞.
According to Eq. (6), transient evolution of the popu-
lation in left [or right] well is governed by (1 − 〈Stx〉)/2
[or (1+〈Stx〉)/2]. The Laplace transform of the averaged
Bloch vector, Sζ , is obtained from the integro-differential
equation (10) with the use of the convolution theorem as
follows Sζ = S0/(ζ +Kζ), so that 〈Stx〉 takes form:
〈Stx〉 = S0
∫
C
dζ
2pii
eζt
ζ +Kζ
∝ e−νT t, if νT t≫ 1. (14)
The relaxation rate at tail of tunneling decay, νT , is ob-
tained as a pole of the complex integral (14), where the
contour C is around complex half-plane Imζ < +0. Such
a pole is determined by the equation ζ+Kζ = 0 at ζ → 0.
As a result, the rate νT ≈ Kζ→0 is given by the integral
νT ≈
∫ ∞
0
d∆te−Γ∆t(cos θ∆tA∆t − sin θ∆tB∆t) , (15)
where the time scales ω˜∆t ≤ const/√αtl are essential
only. Under integration of Eq. (15) we use the logarith-
mic approximation, when the factors determined by Eq.
(13) are replaced by the linear and quadratic dependen-
cies,W∆t ≈ 2αcΛT ω˜∆t and Γ∆t ≈ 2αtlΛT (ω˜∆t)2. Based
on Eq. (3), the logarithmic factor ΛT is introduced here
according to
w|ωm∆t| ≈ ln(
√
2αtlΛT ω˜/ωm) + cT = ΛT , (16)
so that ΛT ≈ ln(√αtlω˜/ωm) + cT ≫ 1 with cT ∼ 1.
Straightforward integration of Eq. (15) is performed for
A∆t ≈ ω210 because αj,c < αtl ≪ 1, see estimates below.
The explicit formula for the tunneling rate versus tilt
FIG. 3: The ratio ωj/ω10 = ϕ0/2αc determining the shift
of peak ϕ0, versus gap frequency ω10, which corresponds the
interval 1.2 ≤ βψ ≤ 1.45. Different 4EC/EL are marked.
flux is given by the Gaussian peak modulated by the
pre-factor which is linear-dependent on ϕ:
νT ≈ ν˜T e−(ϕ/ϕT )
2
(1− ϕ/ϕc), (17)
ν˜T =
√
piω210
2ϕT ω˜
, ϕT =
√
2αtlΛT , ϕc =
αtlω10
2αcωj
ΛT .
Here we introduce the amplitude of peak at symmetric
point, ν˜T , the half-width of peak, ϕT ≪ 1, and the asym-
metry parameter, ϕc. An asymmetry of peak, with re-
spect to the replacement ϕ→ −ϕ at fixed direction of ψ,
appears due to correlations between tl- and j-channels,
ϕ−1c ∝ αc. This effect is weak enough because ϕT ≪ ϕc
and the shift of peak, determined by the requirement
(dνT /dϕ)ϕ=ϕ0 = 0, is equal ϕ0 ≈ ϕ2T /2ϕc ≪ ϕT .
For the estimates below we use a typical 1/f noise level
≤ 4 × 10−11Φ20/Hz determined by the flux-flux spectral
function at 1 Hz, [14, 16] so that αtl,j,c ≤ 10−8. The
half-width of peak, ϕT , is only determined by the level of
noise in the tl-channel and by the ratio ω˜/ωm, through
ΛT . Allowing for ΛT ∼ 10÷ 15, one obtains ϕT ∼ (4.5÷
5.5) × 10−4, or in the dimensional units the maximal
half-width of peak is ∼ 70 ÷ 85 µΦ0. According to Fig.
3 the maximal shift of peak is determined by the ratio
ωj/ω10 ∼ 15÷30, so that ϕ0 ≈ 2αcωj/ω10 ≤ (3÷6)×10−7
or ≤ 0.1 µΦ0. Since ω˜ ∼ 1.2EL/h¯ is weakly (< 20% )
dependent on the barrier-control variable βψ or ω10 [Fig.
2(b)], the amplitude ν˜T is approximately proportional
to ω210, i.e. the rate increases, when overlap of the left
and right wave functions increases. If ω10/2pi ≃0.5 MHz
for the device with EL/h ≈ 250 GHz, one obtains ν˜T ≈
8.4÷10.3 ms−1 at αtl ≃ 10−8 and the maximal tunneling
rate decreases with a noise level as ν˜T ∝ α−1/2tl . The
numerical estimates performed show that the mechanism
suggested gives an essential contribution to the resonant
tunneling reported in [16] but a shape of peak differs from
the experimental data, see discussion in Sect. VI.
IV. WEAK QUBIT-NOISE COUPLING
We consider the weak qubit-noise coupling, when the
gap frequency Ωϕ exceeds the noise-induced modulation
of levels and it is convenient to use the tilt qubit frame
6described by the Hamiltonian (7). The 2 × 2 density
matrix ρˆt = (1 + Rt · σˆ)/2 is written below through
the Bloch vector Rt which is governed by the equa-
tion dRt/dt = [Ωt ×Rt] with the normalization condi-
tion |Rt=0| = 1. Introducing the circular components
Rt± = (Rtx ± iRty)/2 we arrive to the system{
(d/dt∓ iΩtz)Rt± ± iΩtxRtz/2 = 0
dRtz/dt+ iΩtx(Rt+−Rt−) = 0 , (18)
where Rt− = R
∗
t+ because ρˆt = ρˆ
+
t . We consider the
dissipative dynamics of Z- and ±-components of Rt sep-
arately. Using the initial condition Rt=0± = 0 and ex-
pressing Rt± through Rtz one obtains the exact integro-
differential equation for the Z-component of the Bloch
vector
dRtz
dt
+Ωtx
∫ t
0
dt′Ωt′x cosΘtt′Rt′z = 0 (19)
with the phase factor Θtt′ =
∫ t
t′ dτΩτ,z. For t → 0 we
use the initial condition Rt=0z = 1 which corresponds
to the initial population localized at the upper level be-
cause the population numbers are n±t = trPˆ±ρˆt (the
conservation requirement is n+,t + n−,t = 1). Similarly,
using the initial condition Rt=0z = 0 and eliminating
the Z-component from the upper Eq. (18), we obtain
the exact integro-differential equation for the ± circular
components
(
d
dt
∓iΩtz
)
Rt± ± Ωtx
2
t∫
0
dt′Ωt′x(Rt′+−Rt′−)=0 . (20)
As an initial condition for Eq. (20) we use the nor-
malization condition at t = 0 written in the form
Rt=0+Rt=0− = 1/4. Below we restrict ourselves by the
weak-fluctuation regime and consider the averaged dy-
namics determined by Eqs. (19) and (20).
A. Relaxation of population
We consider the interlevel redistribution of population,
∆nt ≡ n+t − n−t = trσˆz ρˆt = Rtz, and separate Rtz into
the averaged and random parts, Rtz = 〈∆nt〉+δnt, which
are governed by the equations
d
dt
∣∣∣∣ 〈∆nt〉δnt
∣∣∣∣+ ∫ t
0
dt′Nt−t′
∣∣∣∣ 〈∆nt′〉δnt′
∣∣∣∣ = ∣∣∣∣ 0−δft
∣∣∣∣ , (21)
N∆t =〈ΩtxΩt′x cosΘtt′〉≈cos(Ωϕ∆t)Xϕwωm∆t/Ω2ϕ.
Here we approximate the averaged kernel N∆t neglecting
random contributions to the phase Θtt′ → Ωϕ∆t, see Eq.
(A5). Based on Eqs. (3) and (7) we used the correlator
〈ΩtxΩt′x〉 = Xϕwωm∆t/Ω2ϕ, where
Xϕ=αtl(2ω10ω˜)2+αj(ωjω˜ϕ)2+αcω10ωj(2ω˜)2ϕ (22)
is dependent on the control parameters ϕ and ψ (through
βψ). Fluctuations of population δnt are governed
by the non-uniform equation with the source δft =∫ t
0
dt′ cos(Ωϕ∆t)δNtt′ 〈∆nt′〉 determined by a random
part of kernel δNtt′ = ΩtxΩt′x − 〈ΩtxΩt′x〉 and we con-
sider this contribution in Sect. V B.
After the Laplace transform of the upper line of Eq.
(21) with the initial condition 〈∆nt=0〉 = 1, we obtain
the transient solution
∆nζ=
[
ζ + Xϕ(wζ−iΩϕ + wζ+iΩϕ )/2Ω2ϕ
]−1
, (23)
which is written through wζ = ln[(ζ/ωm)
2+1]/2piζ. Sim-
ilarly to Sect. III, we use the logarithmic approximation
wζ±iΩϕ ≈ ∓i (Λ1 ± ipi/2) /piΩϕ with Λ1 ≈ ln(Ωϕ/ωm) +
c1 ≫ 1 and c1 ∼ 1. The ∝ Λ1 contributions cancel each
other in Eq. (23) and ∆nζ ≈ (ζ + ν1)−1 or 〈∆nt〉 =
exp(−ν1t) describes the nonoscillating exponential de-
cay with the population relaxation rate ν1 ≈ Xϕ/2Ω3ϕ.
At the symmetric point ϕ = 0, this rate is given by
ν1|ϕ=0 = Xϕ=0/ω10 ≈ 2αtlω˜2/ω10, when only tl-channel
remains essential. Under non-zero tilt ϕ 6= 0, the relax-
ation rate is suppressed for the most part due to the fac-
tor Ω−3ϕ . Using a typical half-width of peak ∼ ω10/2ω˜, we
find that the ϕ-dependent contributions to Xϕ are weak
because αj,c ≤ αtl and ωj/4ω˜ ≪ 1 [see Figs. 2 (b) and
(c)]. As a result, the rate ν1 takes form
ν1 ≈ ν˜1
[1 + (ϕ/ϕ1)2]
3/2
, ν˜1 =
2αtlω˜
2
ω10
, ϕ1 =
ω10
2ω˜
(24)
and, in analogy to the incoherent tunneling regime, the
relaxation of population is only governed by the noise in
the tl-channel, ν1 ∝ αtl.
Apart from the tails of the rate ν1/ν˜1 ≤ 10−2 versus ϕ,
where the ∝ ϕ, ϕ2 contributions to Xϕ are not negligible,
the shape of the peak is determined by the amplitude and
the half-width, ν˜1 and ϕ1 (we neglect a weak asymmetry
of ν1 aroused from ∝ αcϕ contributions). According to
Eq. 2 (b), ω˜ varies from ∼0.4 to ∼1 over the weak-
coupling region due to the softness of barrier, so that
the dependency of ν˜1 on the gap frequency ω10 differs
from ∝ ω−110 as it is shown in Fig. 4(a) for the different
ratios 4EC/EL. The weak-coupling regime takes place
under the requirement ν1/Ωϕ ≪ 1 which is transformed
into the condition 2αtl(ω˜/ω10)
2 ≪ 1 at the symmetric
point ϕ = 0. If αtl ≤ 10−8 this condition is satisfied and
for EL/h ≈250 GHz the maximal rate is ν˜1 ≈ (0.07 ÷
0.16) µs−1 at ω10/2pi =0.5 GHz. The half-width of the
peak at the same EL/h and ω10/2pi is about ϕ1 ≈ 22÷33
mΦ0 and ϕ1 shows near-linear dependencies on ω10, as it
is plotted in Fig. 4(b).
B. Decoherence rate
The decoherence process of the off-diagonal part of
density matrix is described by the circular components
7FIG. 4: Parameters determining relaxation of population in
Eq. (24). (a) Maximal rate at symmetric point ν˜1 = ν1|ϕ=0
versus gap frequency ω10 corresponding the spectral region
0.1÷2.5 GHz at EL/h =250 GHz. Color dots approximate ν˜1
by ∝ ω−q dependencies with q = 1.35 ÷ 1.55. (b) Half-width
of the rate ϕ1 for the same spectral region. Color dots show
near-linear approximations. In both panels, the dotted, solid,
and dashed curves correspond to 4EC/EL = 0.01, 0.005, and
0.0025, respectively.
of the Bloch vector governed by Eq. (20). Separat-
ing rotation with the frequency Ωϕ according to Rt± =
exp(±iΩϕt)rt± and neglecting the high-frequency contri-
butions [∝ exp(±iΩϕ(t + t′))], we arrive to the closed
equations for the slow amplitudes rt±:(
d
dt
∓ i∆Ωtz
)
rt±+
Ωtx
2
∫ t
0
dt′Ωt′xe
∓iΩϕ(t−t
′)rt′±=0 .
(25)
Because rt− = r
∗
t+, we consider only the + component
rt+ ≡ rt . Within the weak-fluctuation regime, we sepa-
rate the equations for the averaged and random parts of
the amplitude, rt = 〈rt〉+ δrt, as follows
d
dt
∣∣∣∣ 〈rt〉δrt
∣∣∣∣− i ∣∣∣∣ 〈∆Ωtzδrt〉∆Ωtz 〈rt〉
∣∣∣∣ (26)
+
1
2
∫ t
0
dt′e−iΩϕ(t−t
′)
∣∣∣∣ 〈ΩtxΩt′x〉δNtt′
∣∣∣∣ 〈rt′ 〉 = 0 .
Here the random part of kernel δNtt′ gives vanishing con-
tribution to 〈∆Ωtzδrt±〉, because it contains an average
of one or three random factors. As a result, 〈rt±〉 is gov-
erned by the equation
d 〈rt〉
dt
+
∫ t
0
dt′ 〈∆Ωtz∆Ωt′z〉 〈rt′〉 (27)
+
1
2
∫ t
0
dt′e−iΩϕ(t−t
′) 〈ΩtxΩt′x〉 〈rt′〉 ≃ 0
with the initial condition 〈rt=0〉 = r0 where r0 is nor-
malized by the requirement r0r
∗
0 = 1/4. The first and
second integral terms here describe the long- and short-
scale contributions to the temporal evolution.
After the Laplace transform of Eq. (27), we obtain the
transient solution
rζ = r0
[
ζ + Zϕwζ/Ω2ϕ + Xϕwζ+iΩϕ/2Ω2ϕ
]−1
. (28)
Here the correlator 〈∆Ωtz∆Ωt′z〉 = Zϕwωm∆t/Ω2ϕ is writ-
ten through
Zϕ=αtl(2ω˜2ϕ)2+αj(ωjω10)2−αcω10ωj(2ω˜)2ϕ , (29)
which is similarly 〈ΩtxΩt′x〉 in Eq. (22). We consider
below a slow-varied part of 〈rt〉, when |ζ| ∼ ν2 ≪ Ωϕ
with the decoherence rate ν2, and apply the logarithmic
approximation, when wζ is replaced by [Λ2+ iarg(ζ)]/piζ
with Λ2 ≈ ln(ν2/ωm)+c2 with c2 ∼ 1. In analogy to Sect.
IV A, wζ+iΩϕ should be replaced by (1/2 − iΛ1/pi)/Ωϕ
with Λ1 > Λ2 because of Ωϕ ≫ ν2. Using these replace-
ments, one can search the poles of the solution rζ from
the quadratic equation:
ζ2 + ζν1 (1/2− iΛ1/pi) + ν2ϕ[Λ2 + i arg(ζ)]/pi ≈ 0 , (30)
where we introduce the characteristic rate νϕ ≡
√Zϕ/Ωϕ
and use ν1 ≈ Xϕ/2Ω3ϕ from Sect. IV A. This equation is
transformed into (ζ − ζ+)(ζ − ζ−) ≈ 0 with a two poles
ζ± determined by the relation:
ζ± = −ν1(1/2− iΛ1/pi)/2 (31)
±
√
ν21(1/2− iΛ1/pi)2/4− ν2ϕ[Λ2 + i arg(ζ)]/pi
and it is not an explicit solution because of the factor
arg (ζ). Within the logarithmic accuracy, Λ1,2 ≫ pi/2,
the poles are near the imaginary axis and arg(ζ±) ≈
±pi/2.
Thus the poles (31) describe a two mode behavior of
the decoherence process. This is because of a differ-
ent character of the integral contributions in Eq. (27):
while the XX-term is cutting off at t ∼ Ω−1ϕ , the ZZ-
term shows a long-time memory. We obtain the poles as
ζ± ≡ i∆Ω± − ν± with the renormalizations of the gap
frequency ∆Ω± and the decoherence rates ν± given by:
∆Ω± ≈ ν1Λ1/2pi ±
√
(ν1Λ1/2pi)2 + ν2ϕΛ2/pi ,
ν± ≈
ν2ϕ + ν1|∆Ω±|
4
√
(ν1Λ1/2pi)2 + ν2ϕΛ2/pi
. (32)
After the inverse Laplace transform one obtains
〈rt〉
r0
≈(i∆Ω+−ν+)e
(i∆Ω+−ν+)t−(i∆Ω−−ν−)e(i∆Ω−−ν−)t
i(∆Ω+ −∆Ω−)− (ν+ − ν−) ,
(33)
i.e. an oscillating temporal evolution of 〈rt〉 is described
through ∆Ω± and ν± determined by Eq. (32). Shape
of the damping oscillations in (33) is determined by the
rates ν1 given by Eq. (24) and the characteristic rate νϕ
given by
νϕ√
αj ωj
=
√√√√1 + αtlαj ( ω˜ϕωjϕ1)2 − 2αcαj ω˜ϕωjϕ1
1 + (ϕ/ϕ1)2
. (34)
8FIG. 5: Characteristic frequency ωj (a) and ratio ω˜/ωj
(b), which determine the decoherence process, versus gap fre-
quency ω10 for the same conditions as in Fig. 4 (a). Asymp-
totics are shown by red dots.
FIG. 6: Normalized rates νϕ/ν˜1 (color dips) and ν1/ν˜1
(black) versus tilt ϕ/ϕ1 plotted for ωj > 0 (the case ωj < 0
corresponds ϕ → −ϕ). νϕ is plotted for ω˜/ωj =7.5 (blue),
15 (red), and 30 (green) with different relative contributions
of tl- and c-channels in panels (a)-(d): [αtl/αj , αc/αj ] =[1,1]
(a), [3,1] (b), [1,0.1] (c), and [3,0.1] (d). Black curves show
ν1/ν˜1 for ν˜1/νϕ=0 =1 (dashed) and 3 (solid).
This rate at symmetric point, νϕ=0 =
√
αjωj, and the
tilt dependency of νϕ are written through ωj and ω˜/ωj
shown versus ω10 in Figs. 5(a) and 5(b), respectively. In
contrast to ν1 ∝ αtl, we obtain νϕ ∝ √αj and the both
contributions may be essential even if αj ≪ αtl. There
are two limiting cases, with ZZ- or XX-correlators dom-
inate in Eq. (27), when the renormalization frequencies
and the decoherence rates take forms:
∆Ω±≈±νϕ
√
Λ2
pi
, ν±≈ νϕ
4
√
pi
Λ2
, if νϕ≫ν1, (35a)
∆Ω+≈ν1Λ1
pi
, ν+≈ ν1
2
, ∆Ω−≈ν−≈0, if νϕ≪ν1. (35b)
Here the imaginary and real parts of poles are con-
nected as |∆Ω±| = (4Λ2/pi)ν± if νϕ≫ ν1, or as ∆Ω+ =
(2Λ1/pi)ν+ if νϕ≪ν1, i.e. they differ by the scale factors
∝ Λ1,2/pi ≫ 1. Note, that νϕ saturates at νmax = √αtlω˜
and increases ∝ ϕ before saturation, if 1 > |ϕ|/ϕ1| >
ωj/ω˜. An interplay between these regimes is signifi-
FIG. 7: Normalized frequencies |∆Ω±|/ν˜1 (a) and decoher-
ence rates ν±/ν˜1 (b) at the symmetric point ϕ = 0 versus
gap frequency ω10 for the same 4EC/EL as in Figs. 4 and 5.
Coupling strengths are αtl = 10
−8 and αj/αtl =0.25 (black
and gray curves) or 0.05 (red and green curves). ± modes are
marked and logarithms are chosen as Λ1 ≃ 15 and Λ2 ≃ 10.
cant in the region where ν˜1/νϕ=0 = αtrω˜/
√
αjωjϕ1 ∼ 1.
Fig. 6 compare shapes of the sharp dips of νϕ and the
slow peaks of ν1 for different levels of noise and different
ratios ν˜1/νϕ=0. For the weakly-correlated noises with
αc ≪ αtl,j , see Figs. 6 (c) and (d), there are near-
symmetric dips but for αc ∼ αj the dips around ϕ ∼ 0
are asymmetric enough and are shifted to the right if
ωj > 0, see Figs. 6(a) and(b). Moreover, for the fully-
correlated identical noises with αtl = αj = αc, one ob-
tains νϕ = 0 at ϕ = (ω˜/ωj)ϕ1, see Fig. 6(a). This
peculiarity is caused by the destructive interference of
noises in tl- and j-channels and it becomes essential if
αj,c/αtl > 0.5, see Fig. 8 below.
At ϕ = 0 the interplay of the long- and short-scale
(∝ νϕ=0 and ∝ ν1) contributions in Eq. (32) gives rise
to the dependencies of ∆Ω± and ν± which increase with
ω10 as it is shown in Fig. 7. Similarly to Figs. 4 and
5, the growth of ∆Ω± and ν± is dependent on 4EC/EL
and on the noise levels, αtl and αj . Finally, in Fig. 8
we plot ∆Ω± and ν± versus tilt flux, ϕ/ϕ1, for differ-
ent gap frequencies at 4EC/EL = 0.005; there is the
same behavior of dips with numerical variations up to 2
times if 4EC/EL varies over 0.01÷0.0025. Thus, the ratio
∆Ω±/ν± is about ten and contribution of the ”−” mode
in Eq. (33) is negligible around ϕ = 0. If ϕ/ϕ1 > 0.2,
the decoherence rate and ∆Ω± increase fast (up to ten
times at ϕ/ϕ1 ∼ 1, if the gap frequency ≤1 GHz for the
parameters used above).
V. EFFECT OF FLUCTUATIONS
Finally, we examine the random addendums to the av-
eraged Bloch vectors considered in Sects. III and IV. We
analyze the two-point correlations of fluctuations and de-
termine the conditions for applicability of the averaged
dynamics in the cases under consideration. These condi-
tions are collected in the last paragraph of each subsec-
9FIG. 8: Normalized frequencies |∆Ω±|/ν˜1 (a, b) and de-
coherence rates ν±/ν˜1 (c, d) at 4EC/EL = 0.005 versus
tilt ϕ/ϕ1 for the gap frequencies ω10 ≈ 1.2 × 10
−3 (green),
2.3× 10−3 (black), and 6.5× 10−3 (or 0.3, 0.57, and 1.6 GHz
at EL/h =250 GHz). Solid and dashed curves show + and
− modes, respectively. Left (a, c) and right (b, d) panels
correspond [αj/αtl, αc/αtl] =[1,1] and [0.1,0.1], respectively.
tion.
A. Random contributions to incoherent tunneling
Here we consider random part of the Bloch vector
δSt = Stz − 〈St〉 governed by the linearized equation
dδSt
dt
+
t∫
0
dt′K∆tδSt′ = −
t∫
0
dt′δKtt′ 〈St′x〉 ≡ δFt , (36)
which is obtained after subtraction of the averaged Eq.
(11) from the exact Eq. (10). Here a random source δFt
is introduced trough the kernel δKtt′ = ωtzωt′z cos θtt′ −
Kt−t′ and a second-order correction (∝ δKtt′δSt′) is
omitted. Similar to Sect. III, Laplace transform of Eq.
(36) gives the solution δSζ = δFζ/(ζ +Kζ) and the cor-
relation function 〈δSt1δSt2〉 takes form:
〈δStδSt′〉 =
∫
C
dζ
2pii
∫
C
dζ′
2pii
eζt+ζ
′t′ 〈δFζδFζ′〉
(ζ +Kζ) (ζ′ +Kζ′)
(37)
≈
∫ t
0
dt1
∫ t′
0
dt′1e
−νT (t+t
′−t1−t
′
1)
〈
δFt1δFt′1
〉
.
Here the correlator of random sources is written through
〈St,x〉:
〈
δFt1δFt′1
〉
=
t1∫
0
dt2
t′1∫
0
dt′2
〈
δKt1t2δKt′1t′2
〉〈St2x〉〈St′2x〉 , (38)〈
δKt1t2δKt′1t′2
〉≈ω410〈cos θt1t2cos θt′1t′2〉−Kt1−t2Kt′1−t′2 ,
where ωt1zωt2zωt′1zωt′2z is replaced by ω
4
10 omitting the
contributions ∝ α....
For the weak fluctuation regime, we approximate〈
cos θt1t2 cos θt′1t′2
〉− 〈cos θt1t2〉 〈cos θt′1t′2〉 by the first or-
der contribution. Using (A.6) we obtain the four-point
correlator in (38) as:〈
δKt1t2δKt′1t′2
〉 ≈ αtl(2ω˜)2ω210 cos θ∆t12 cos θ∆t′12
×
∫ t1
t2
dτ
∫ t′1
t′2
dτ ′wωm|τ−τ ′| (39)
with wωm|∆τ | given by Eq. (3). At νT t1,2 ≫ 1 one can
replace 〈St,z〉 by the exponent exp(−νT t) and the corre-
lator (37) is transformed into
〈
δS2t
〉≈e−2νT tαtl(2ω˜)2ω410ωM∫
ωm
dω
piω3
t∫
0
dt1
t∫
0
dt′1
t1∫
0
dt2
t′1∫
0
dt′2
×e−νT (t2+t′2−t1−t′1) cos θ∆t12 cos θ∆t′12 [cosω(t1 − t′t) (40)
+cosω(t2 − t′2)−cosω(t2 − t′1)−cosω(t1 − t′2)] .
Here we include only the contribution which is logarith-
mically divergent at ωm → 0. After the straightforward
integrations by parts in Eq. (40) we estimate the rare
fluctuations contributions to tunneling as〈
δS2t
〉≈ (ω10/νT )8
2(1 + η2ϕ)
4
F 2νT t =
(
ω10
νT
)8
(νT t)
2
2
×
{
(1 + e−νT t)2, ηϕ ≪ 1
[cos(ηϕνT t) + e
−νT t]2, ηϕ ≫ 1 , (41)
Fx ≡ x
{
(1− η2ϕ)
[
e−x + cos(ηϕx)
]
+ 2ηϕ sin(ηϕx)
}
,
where the tilt effect is described by the ratio ηϕ =
2ω˜ϕ/νT .
Because of
√
〈δS2t 〉 ∝ Λ3T the rare fluctuation contri-
butions lead to the linear growth
√
〈δS2t 〉 ∝ νT t and
restrict the averaged description of tunneling by the con-
dition
√
〈δS2t 〉 < e−νT t. If ω10/νT < 1 and ηϕ → 0,
this requirement is satisfied during the time interval
νT t < λ ln(νT /ω10) with λ ∼ 1, i.e. the average descrip-
tion fails down starting at νT t ∼ 3 ÷ 5, for typical pa-
rameters. A further evolution, when a fluctuations level
should be saturating, is not described in the framework
of the approach used. At ϕ ∼ ϕT when ηϕ ≫ 1, the rare
fluctuations are quenched as 1/η2ϕ so that the average
description is valid outside of the peak.
B. Fluctuations of population redistribution
Similarly to the averaged solution for population in
Sect. IV A, the solution for it’s fluctuation part
δnt with the zero initial condition is given by δnt ≈
− ∫ t
0
dt1e
−ν1(t−t1)δft1 . The correlation function 〈δntδnt′〉
is written through the correlator of sources δft as follows
〈δntδnt′〉≈
t∫
0
dt1e
−ν1(t−t1)
t′∫
0
dt′1e
−ν1(t
′−t′1)
〈
δft1δft′1
〉
.
(42)
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Here the correlator of sources is given by
〈δftδft′〉≈
∫ t1
0
dt2
∫ t1
0
dt′2 cos(Ωϕ∆t12) cos(Ωϕ∆t
′
12)
× 〈δNt1t2δNt′1t′2〉 〈∆nt2〉〈∆nt′2〉 (43)
and
〈
δNt1t2δNt′1t′2
〉 ≡ 〈Ωt1xΩt2xΩt′1xΩt′2x〉 − X 2ϕwωm∆t12
wωm∆t′12/Ω
4
ϕ describes the averaged fluctuations of ker-
nel. The four-point correlator 〈Ω... . . .〉 is determined by
Eq. (A7).
Within the logarithmic approximation, at ϕ = 0 one
obtains 〈δN...δN...〉 ≈ (2ω˜)4(αtrΛ1/pi)2 and the mean-
square-fluctuation of population takes form:〈
δn2t
〉 ≈ (2ω˜)2 (αtrΛ1/pi)2 e−2ν˜1t
×
{
Re
[∫ t
0
dt1
∫ t1
0
dt2e
(ν˜1+iω10)∆t12
]2
(44)
+
∣∣∣∣∫ t
0
dt1
∫ t1
0
dt2e
(ν˜1+iω10)t1−(ν˜1+iω10)t2
∣∣∣∣2
}
.
After the straightforward integrations over t1,2 and aver-
aging over period 2pi/ω10 (cos2(ω10t) → 1/2), Eq. (44)
gives
〈δn2t 〉 ≈ 2k2
[
1/2 + e−2ν˜1t(1− ν˜1t)2
]
, (45)
where k = (2ω˜/ω10)
2αtrΛ1/pi ≪ 1 and 〈δn2t 〉 ∝ Λ21, i.e.
the rare fluctuations contribution limits the averaged de-
scription of transient evolution.
In analogy to Sect. V A, the averaged description is
valid under the condition
√
〈δn2t 〉 < e−ν1t and at ϕ =
0 this requirement is satisfied during the time interval
ν˜1t < ln(1/k)≫ 1. If ϕ = ϕ1, we estimate Ωϕ1 ∼
√
2ω10
and Ωtx|ϕ∼ϕ1 ≈ −∆ϕt
√
2ω˜, so that
√
〈δn2t 〉 is different
from Eqs. (44) and (45) by the numerical factor ∼1. As
a result, the above condition for the averaged description
remains valid over the peak described by Eq. (24). In
addition, 〈δn2t 〉|ν1t≫1 ≈ k2 gives the steady-state level of
fluctuations after redistribution of population.
C. Random contributions to decoherence
After integration of the lower Eq. (26) with the ini-
tial condition δrt=0 = 0, the random contribution to the
amplitude rt takes form
δrt≈ i
∫ t
0
dt1∆Ωt1z〈rt1〉 (46)
−1
2
∫ t
0
dt1
∫ t1
0
dt2e
−iΩϕ(t1−t2)δNt1t2 〈rt2〉 .
Because the averages of ∝ ∆Ω... and ∝ δN... contribu-
tions are separated, the two-point correlation function is
transformed into
〈δrtδr∗t′〉 ≈
∫ t
0
dt1
∫ t′
0
dt′1
〈
∆Ωt1z∆Ωt′1z
〉 〈rt1 〉 〈rt′1〉∗
+
1
4
∫ t
0
dt1
∫ t1
0
dt2
∫ t
0
dt′1
∫ t′1
0
dt′2e
−iΩϕ(t1−t2+t
′
1−t
′
2) (47)
× 〈δNt1t2δNt′1t′2〉〈rt2〉〈r∗t′2〉 ,
where the correlator
〈
∆Ωt1z∆Ωt′1z
〉
is given by Eq. (29).
According to Fig. 7, around the symmetric point ϕ = 0
the + mode is only essential in Eq. (33) and we use 〈rt〉 =
r0 exp[(i∆Ω+ − ν+)t]. Within the logarithmic approach,
〈δN...δN...〉 is replaced by the constant [see Eq. (44)] and
after the straightforward integrations the mean-square
fluctuation of amplitude takes form:
〈|δrt|2〉 ≈ |r0|2
[(
νϕ=0
∆Ω+
)2
Λ2
pi
+ 2
(
ν˜1
∆Ω+
)2(
Λ1
pi
)2]
× (1 + e−2ν+t − 2e−2ν+t cos∆Ω+t) . (48)
Here the first and second term in [. . .] are due to the
long- and short-scale contributions to fluctuations [see
similar terms in Eq. (27)] and this factor is estimated as
logarithmically weak, [. . .] ∼ 1/Λ1,2 < 1, see Eqs. (24),
(32), and (34).
At ϕ = 0 the requirement for averaged description of
decoherence is
√
〈|δrt|2〉 < r0e−ν+t. In analogy to the
previous section, the results of Sect. IV B are valid if
ν+t < ln(1/[. . .]) and, for a typical parameters, fluctua-
tions are weak over the time interval ν+t < 3. A similar
condition remains valid over the dip region |ϕ| < 0.3ϕ1
(see Fig.8) where both Xϕ and Zϕ are changed only due
to numerical factors ∼ 1. Thus,the fluctuations contribu-
tion is suppressed only in the saturation region, |ϕ| ≥ ϕ1
while the averaged description over the dip is valid during
a short enough interval.
VI. CONCLUDING REMARKS
We present a comprehensive investigation of the dissi-
pative dynamics of a flux qubit, describing interwell and
interlevel relaxation as well as decoherence caused by the
1/f noises pass through the SQUID and the LC-contour.
We analyze the rates of these processes and the renormal-
ization of gap frequency versus the tilt and control fluxes
taking into account correlations between the noises; this
permits one to characterize the qubit-noise interaction.
We show how rare fluctuations limit the averaged descrip-
tion at tails of relaxation. Under typical level of noises,
the results obtained give contributions comparable to the
recent experimental data on the interlevel population re-
laxation and the interwell tunneling.
Our consideration is based on a several assumptions
which are shortly discussed below.
(a) Description of the flux qubit is based on the ef-
fective circuit formed by the effective Josephson
11
junction shunted by the LC-contour, instead of the
SQUID loop, which is shunted by the transmission
line. It is a good approach for the low-frequency re-
gion, far below the characteristic frequency of the
LC-contour which is >10 GHz for a device with
typical parameters.
(b) Consideration of 1/f noise as a classical random
flux is valid for frequencies below 1÷2 GHz where
the interaction with high-frequency bosons can be
omitted [16]. As a result, qubit approachs to the
equi-populated distribution, ∆nt|ν1t≫1 → 0, while
the equilibrium distribution can be reached due to
the qubit-boson interaction, during times beyond
the scales considered here.
(c) Because of the logarithmic character of the cut-off,
one can use the abrupt cut-off at ω ∼ ωm in Eq. (3)
and below. A possible deviation from 1/f spectrum,
e.g. due to the size effect in the transmission line
[23], may be described similarly after choosing a
specific parameters of device.
(d) The qubit-noise interaction is studied by adding
random fluxes to the tilt and control fluxes and
by taking into account correlations between these
sources. The coupling levels in tl-, j-, and c-
channels are given by the phenomenological param-
eters αtl,j,c. Both a microscopic study of a 1/f noise
mechanism and a detail description of a noise effect
on the SQUID loop and the LC transmission line
are beyond of the scope of the paper and can be
performed for specific devices.
(e) The idealized initial conditions were used at t = 0
without any discussion of a temporal evolution at
t < 0. A more detailed description requires an anal-
ysis of the protocol of resonant tunneling [14, 16]
and the mechanisms of the ultrafast interlevel ex-
citation, see [9, 26] and references therein. Here we
neglect a possible uncertainties during the initial-
ization and readout stages.
(f) We restrict ourselves by the weak-fluctuation
regime, when the averaged dissipative dynamics de-
scribes an evolution of qubit. Level of fluctuations
gives the limitations of the averaged description at
tails of relaxation. In principle, a chaotic regime
contains an additional information on the qubit-
environment interaction but an analysis of the two-
point spectral functions requires a special consider-
ation.
Now we discuss the current experimental data for the
LC-shunted qubits and possibilities for verification of the
results obtained. In spite of these qubits were employed
for demonstration of the multi-qubit clusters [1, 2, 27],
a complete spectroscopic characterization of this type of
qubits is not available [24]. Recent measurements of the
population relaxation rate in the region above 0.5 GHz
[16] give the amplitude and half-width of peak in agree-
ment with the results of Sect. IV B but the 1/f spec-
tral dependency is modified due to the soft barrier ef-
fect. The decoherence processes were not analyzed in
[16, 24] but such a data are necessary in order to ver-
ify of the j- and c-channels contributions which deter-
mine the depth and asymmetry of the dip. A study of
the other peculiarities discussed in Sect. IV C (the two-
mode evolution and the renormalization of gap) may be
complicated due to the fluctuation-induced restrictions
on the averaged response. The incoherent tunneling rate
reported in [14, 24] was in agreement with the model [22]
when the levels are modulated by coupling to the boson
thermostat. It lead to the temperature dependent asym-
metry of the tunneling peak. Recent measurements [16]
show an additional temperature-independent asymmetry
which can be caused by the c-channel contribution, see
Sect. III. In order to confirm this mechanism, one needs
to demonstrate a changing of the sign of asymmetry for
the parallel and antiparallel directions of ϕ and ψ, see
Fig. 1(a). Thus, the above-discussed partial experimen-
tal data does not permit to characterize the qubit-noise
interaction completely. It is necessary to perform all pos-
sible measurements for the same device and, using an
appropriate model of the device, find parameters which
will describe all data. Similar program can be develop
for other types of qubits, with an effective circuits differ-
ent from Fig. 1(b), such as the capacitively shunted flux
qubit [10] or another variants of transmon [12, 28].
To conclude, the obtained results convincingly demon-
strate that the transient dynamics of the flux qubit
should be analyzed beyond of the simplified two-level
model which includes only a noise-induced modulation of
the interlevel gap. Our consideration, which is based on
the lumped-element approach with detailed description
of noise effects, opens the way to characterize the flux
qubit interacting with low frequency noise and to enhance
a fidelity of the device. We believe that a similar study of
another types of qubits, the interqubit connections, and
the multi-qubit clusters will improve parameters of the
quantum hardware.
Appendix: Averaged kernels
Here we consider averaging over the random Gaus-
sian noises in tl-, j-, and c-channels for the kernels em-
ployed in sections III-V. We begin with the kernel K∆t
in the averaged integro-differential equation (11). Ex-
plicit expression for K∆t is obtained below with the use
of ωtx and ωtz, given by Eq. (5), and the phase factor
θtt′ = θ∆t +∆θtt′ :
K∆t=cos θ∆t
[
ω210 〈cos∆θtt′〉+ω2j 〈∆ψt∆ψt′ cos∆θtt′〉
]
−ωjω10 sin θ∆t 〈(∆ψt +∆ψt′) sin∆θtt′〉 , (A.1)
where the unperturbed phase and the noise contribu-
tion to phase are given by θ∆t = 2ω˜ϕ∆t and ∆θtt′ =
2ω˜
∫ t
t′ dτ∆ϕτ , respectively. To carry out the averaging
of ∝ ω210 contribution, one should consider all possible
pairings in the expansion of cosine and the total number
of such pairings in the term of the order 2n is equal to
12
(2n)!/2nn!, where factor 2n is due to symmetry of corre-
lator with respect to t ↔ t′ and factor n! gives number
of permutations of n pairs. The infinite sum over n is
transformed to an exponent (compare the similar aver-
aging over spatial domain [29]) so that
〈cos∆θtt′〉=exp
{
−2ω˜2
∫ t
t′
dτ
∫ t
t′
dτ ′ 〈∆ϕτ∆ϕτ ′〉
}
≡e−Γ∆t .
(A.2)
The correlator under integrals over τ and τ ′ is defined by
Eq. (3) so that Γ∆t is determined by Eq. (13a).
After the similar expansion of cosine, the proportional
to ω2j contribution in Eq. (A1) takes form
〈∆ψt∆ψt′ cos∆θtt′〉= e−Γ∆t [〈∆ψt∆ψt′〉 (A.3)
−(2ω˜)2
∫ t
t′
dτ 〈∆ψt∆ϕτ 〉
∫ t
t′
dτ ′ 〈∆ψt′∆ϕτ ′〉
]
,
and it involves both ∝ αj and ∝ αc addendums. The last
addendum contains the same integrals which are depen-
dent on ∆t and are transformed into Eq. (13b). Similar
averaging for ∝ ωjω10 contribution in Eq. (A1) is per-
formed after the expansion of the sine:
〈(∆ψt +∆ψt′) sin∆θtt′〉= 2ω˜e−Γ∆t (A.4)
×
∫ t
t′
dτ 〈(∆ψt +∆ψt′)∆ϕτ 〉
and this contribution is written through B∆t ∝W∆t, see
Eq. (12).
For the weak-coupling regime, the averaged kernel of
Eq. (21) is given by
N∆t = cos(Ωϕ∆t)
〈
ΩtxΩt′x cos
(∫ t
t′
dτ∆Ωτz
)〉
(A.5)
and with ∝ α...-accuracy it can be written as N∆t ≈
cos(Ωϕ∆t) 〈ΩtxΩt′x〉 with the use cos
(∫ t
t′ . . .
)
≈ 1. This
approximation gives ∝ Xϕ contributions in Sects. IV A
and IV B.
Under examination of the fluctuation effect (Sect. V)
one needs to calculate the four-point correlators of the
random sources. The correlator of fluctuations in Eq.
(38) is written through the correlator
〈
cos θt1t′1 cos θt2t′2
〉
which is transformed through
〈
cos(θt1t′1 ± θt2t′2)
〉
and us-
ing Eq. (A2) one obtains〈
cos θt1t′1 cos θt2t′2
〉
= cos θ∆t12 cos θ∆t′12e
−Γ∆t12−Γ∆t′12
× exp
[
αtl(2ω˜)
2
∫ t1
t2
dτ
∫ t′1
t′2
dτ ′wωm|τ−τ ′|
]
. (A.6)
The correlator (39) is written after expansion of
exp[αtr . . .] with respect to ∝ αtr contributions. For the
weak-coupling regime, the four-point fluctuations of ker-
nels in Eqs. (43) and (47) are transformed as follows:〈
δNt1t2δNt′1t′2
〉
= αtl(2ω˜)
4
(
wωm|t1−t′1|wωm|t2−t′2|
+wωm|t1−t′2|wωm|t2−t′1|
)
. (A.7)
Within the logarithmic approach, this correlator gives
the time-independent factor used in Eqs. (44) and (48).
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